We develop a scenario optimization model for asset and liability management of individual investors. The individual has a given level of initial wealth and a target goal to be reached within some time * University of Palermo,IT. consiglio@unipa.it † Prometeia, Bologna, IT. flavioc@prometeia.it ‡ University of Cyprus, Nicosia, CY, and The Financial Institutions Center, The Wharton School, Philadelphia, USA. zenioss@ucy.ac.cy 1 horizon. The individual must determine an asset allocation strategy so that the portfolio growth rate will be sufficient to reach the target.
Introduction
The asset and liability modelling needs of individual investors deserve probably more attention than they have been getting thus far in the literature.
Asset and liability modelling has focused almost exclusively on large institutions (Ziemba and Mulvey 1998) . This is not to say that the individual has been ignored. To the contrary, literature on household portfolios is both vast and fast-growing (Guiso, Haliassos and Japelli 2002). However, this literature has focused on positive models explaining how households behave, and normative models on how households should manage their assets are virtually non-existent. Indeed, in their state-of-the-art survey Guiso et al. describe the road ahead on research in this field as focusing on theory to explain contrasts between current theories and observed data on household portfolios, and empirical research to identify regularities in household portfolio behav-ior. The role of financial innovation and education in either preserving the observed trends, or reversing them, is identified by the authors as of potential interest to the financial industry marketing financial products to targeted groups. But the literature falls short of pointing towards normative models on how individual investors should behave.
Is this state of affairs surprising, given the "most important solid finding" by Guiso et al. that "most households do not diversify but specialize in the safest and most liquid asset"? Why hasn't financial innovation and education provided the tools and incentives for households to diversify? We argue that the current state of affairs is not surprising, but that it is changing. Our paper contributes towards this change. Associates, and the HOME Account Advisor of Berger and Mulvey (1998) are the first manifestations of the attention paid to the asset and liability modelling needs of the individual investor. This support is coming at the time when individuals are becoming increasingly more sophisticated in their asset management needs, become aware of economic indicators in managing their wealth, and are transferring larger shares of their wealth from Banks to insurance companies and mutual funds or other asset managers (Harker and Zenios, 2000) .
In this paper we develop a scenario-based asset and liability modelling system for individual investors. This system has provided the engine for a web-based system that is currently supporting the clients of four banks in Italy (Consiglio, Cocco and Zenios, 2001 ). In section 2 we develop the mathematical model, and in section 3 we discuss empirical results obtained with the solution of the model. An interesting feature of the model is that it replicates the behavior of individuals that gives rise to the equity premium puzzle (Mehra and Prescott, 1985) . In particular we demonstrate that individuals adopting this model behave in ways hypothesized by Benartzi and Thaler (1995) in offering an explanation for the puzzle. Section 4 concludes the paper.
The mathematics of the model
We give here the model. Denote by T the final period of the investor's horizon and by t = 0, 1, 2, . . . , T, discrete points in time from today (t = 0) until T .
Given an initial endowment A 0 and final target liability L T , we denote by A T the terminal assets that will fund the liability L T . The target rate of return that will yield adequate A T is given by
The growth rate g is the target rate of return on the initial endowment.
Our objective is to deliver the final assets A T to cover the liabilities. For this reason, we build our model in such a way that any deficit is always covered by cash infusion, i.e., increased savings on the part of the investor, and any surplus is set aside from the portfolio to back any future possible downside deviations from the target return. With this modelling construct the client can be advised if sufficient savings are available to meet the goals, whether additional savings may be required or the goals reduced, or whether more ambitious goals could be met with the current savings.
Uncertainty in the financial markets is captured in the form of a discrete set of scenarios denoted by Ω = {1, 2, . . . , N }. The objective probability associated with each scenario l ∈ Ω is denoted by p l . The investor chooses a portfolio from the universe of available assets U , and the returns of such instruments, during the period t to t + 1, are denoted by r l ti , for each i ∈ U and l ∈ Ω.
In order to take into account price appreciation, we adjust the target rate g by scenarios of inflation rates, I l t , that apply from t to t+1. The real target rate is given by
Our initial endowment A 0 is allocated to assets in non-negative proportion
The dynamics of the portfolio value are given by
it , for t = 1, 2, . . . T, and for all l ∈ Ω.
In our model the liability is the target which must be matched in each period by our asset portfolio, in order to ensure that at the end of the planning period the final goal is fulfilled. The liability must grow at the rate given by
where L 0 = 1.
In order to match in each period assets and liabilities we must infuse money every time a downside occurs. For the same reason, we reduce the current level of the portfolio value when an upside is experienced so that
Given that equality (6) holds, the amount of capital to cover the deficit is given by
. . T, and for all l ∈ Ω. (7) Note that, d l t depends only on the current mismatch between the portfolio rate of return and the target rate times the liability level at the previous period.
The same logic applies to the surplus definition
. . T, and for all l ∈ Ω. (8) The dynamics of the total deficit and total surplus are defined, respec-tively, as,
. . T, and for all l ∈ Ω, (9)
t , for t = 1, 2, . . . T, and for all l ∈ Ω, (10) where r l f t is the short rate at t under scenario l. In view of (6), the dynamics of the assets are given by
The max operator in (7) and (8) introduces a discontinuity in the model.
To circumvent this problem we introduce gap variables y l +t and y l −t to measure the portfolio excess return over the target rate and the shortfall below the target rate, respectively. Therefore, we have
Only one of these variables can be nonzero for a given time and a given scenario. The dynamics for the deficit and surplus are now written as follows:
The optimal portfolio is chosen to maximize the expected value of the final surplus,
T , subject to targets on expected value of the final deficit, l∈Ω p l D l T . A parameter ω specifies the bound on downside risk; the lower this parameter the less risk our investor is willing to assume in order to meet the targets.
Note that, all the constraints are linear except the expression for A 
and for all l ∈ Ω (19)
and for all l ∈ Ω, (20) where,
with boundary conditions g 0 = 0 and r f T = 0, that is the target rate of return is zero before the first time period and the risk free rate is zero at the end of the horizon.
Analysis of the model
Solving this model we obtain an optimal portfolio, and estimate its upside potential and downside risk. Post-optimality analysis can be carried out to estimate quantities that are not readily available from the model, but that are important in a game-of-life simulation. In particular, we can estimate the probability that a given asset allocation will meet the target. We can also estimate the amount of additional capital required in order to improve this probability to an acceptable level 100α%.
We first estimate the probability of success of a given allocation. We denote by Ω an out-of-sample set of scenarios of asset returns. Typically many more scenarios N can be generated in this set, that is used in estimations, than the number of scenarios N in the original scenario set Ω, that was used in the optimization. We calculate now A We determine the present value of ∆ l T using a discount factor v l (0, T ). This factor could be scenario dependent, and we discuss later possible choices of the discount factor. The present value of the mismatch is then given by
The probability of success can be estimated from the empirical cumulative distribution function of the present value of the mismatch ∆ l 0 . Assuming for simplicity that all out-of-sample scenarios are equally likely we write the cumulative distribution function as:
where δ {·} is the indicator function taking the value 1 when the expression in its subscript is true, and 0 otherwise. The probability of success is then given by
We can also use F (h) to determine the percentile, ∆ * 0 , at the confidence level α, such that
or, equivalently,
It follows that adding ∆ * 0 to the initial endowment shifts the distribution of the final mismatch to the right. Thus, the probability of getting a final mismatch with present value less than zero will be less than 100(1 − α)%.
0 is the amount of money which must be added to the initial endowment so that the probability that final asset value A T exceeds the final liability L T is at least 100(1 − α)%.
The second point of the post-optimality analysis concerns the discount factor v(0, T ). How should we discount the final mismatch ∆ l T ? The answer depends on the instrument in which we will invest the amount ∆ * 0 in order to improve the probability of success. If we invest ∆ * 0 in the portfolio we have
If we choose a safer instrument such as a risk free deposit with forward rates
By choosing the risky discount factor we reduce the amount of money to be infused but then the investor is more exposed to adverse moves of the market. On the contrary, by choosing the risk free discount factor adverse scenarios will affect only the initial endowment. The supplementary funds are preserved to back future asset and liability mismatch.
Model Validation and Testing
The model was implemented in the algebraic modelling language GAMS will change, as expected, towards more conservative investments. This is illustrated in Figure 3 .
While each one of these observations, on its own, is rather trivial, together they reveal an important dilemma for the individual investor. In particular, it is only with more appetite for risk that higher targets can be reached. The probability of success will deteriorate if an investor keeps the target return constant and increases their risk aversion; this is shown in Figure 4 . For high risk aversion the probability of success is about 75% and it increases to 90% for individuals ready to take more risks. However, note that the tail of the distribution is more pronounced towards the left for risk lovers, indicating higher losses in case of adverse scenarios.
Finally, we show in Figure 5 the asset allocations as we vary the individual's time horizons. As expected with the increase of the time horizon we observe a gradual shift towards more risky investments, the total exposure to cash and EMU bonds declines, and the difference is taken up by investments in the North American stock market indices, emerging market bonds and non-EMU bonds. Figure 3 : Asset allocations for T = 5, g = 6% and different levels of risk aversion.
An apparatus to explain the equity premium puzzle
We now turn to an interesting feature of the model, which becomes apparent through the testing. In particular, we observe that the model replicates investor behavior that gives rise to the equity premium puzzle (Mehra and Prescott, 1985) and, in particular, it shows conditions under which investors prefer more secure investments even for reasonable levels of risk aversion.
From the results of Figure 6 we observe that as we decrease the discretization step, thus increasing the frequency with which individuals examine the performance of their portfolios vis-à-vis their goals, the asset allocation shifts towards secure investments. The investors of our model exhibit myopic loss aversion, as characterized by Benartzi and Thaler (1995) . This behavior of Figure 6 : Asset allocations for target return 6%, time horizon five years, and risk aversion high as we decrease the discretization time step.
Probability of success and how to improve it
We now analyze the probability of success for different portfolios and show how this probability can be improved by increasing the initial endowment.
We carry out the experiments by generating a set of 5000 out-of-sample scenarios; these are different from the 1000 scenarios used in the optimization model. For each scenario we calculate the final mismatch ∆ l T , and build the cumulative distribution function. The mismatch is discounted either at the rate of the risky portfolio or at the risk free rate. of initial investment) that must be infused to the initial endowment in order to back future shortfalls. Two different amounts are calculated for each target return that will improve, respectively, the probability of success to 95% or 90%. For example, to achieve a confidence level of 95% of reaching a 6% target rate for five years, we must add 0.07 euro for each euro of initial endowment. To have a 90% probability of success in reaching 10% annual growth rate for the same horizon we must infuse .21 euro per euro of initial capital.
Finally, we show the effect of different discount factors on the cumulative distribution curves curves F (h). By discounting the final asset/liability mismatch at the rate of the asset portfolio we assume that the additional cash that will fund shortfalls is invested in the optimal portfolio. A safer 
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Sfrag replacements Figure 9 : Detail of the tails of the distribution of the asset/liability mismatch after the cash is added to the initial endowment and is invested either in the risky portfolio, or in a risk free asset.
strategy would be to invest the infused cash in a risk free deposit. Figure 9 shows the tails of the distribution after sufficient cash are added to the initial endowment to improve the success rate to 95%. We observe however that the shortfall when not meeting the target is higher when investing the additional cash in the risky portfolio.
Conclusions
We have developed and tested a normative model for assisting individual investors in making asset allocation decisions to meet some targets. The model improves upon the classical mean-variance analysis for asset allocation, and it is consistent with prevailing positive theories about investor behavior. As such it can contribute to the needs of individual investors for asset and liability management, an area for which apparently there is increasing demand on the part of consumers. Extensive empirical analysis provide some insights in the performance of the model.
An interesting extension of the model would be into a multi-stage multiperiod setting to account for investor targets that change withy time, and whereby investors may change their asset mix as new information arrives.
Such an extension is feasible using the techniques of stochastic programming.
This approach may also be warranted given the fact that individuals do face multiple liabilities, and they do revise their portfolios as time goes by. On the other hand the conceptual demands imposed on the individual from a more integrative approach may be prohibitive.
Repeating for t = 3 we obtain D 3 = D 2 (1 + r f 2 ) + y −3 L 2 = y −1 (1 + r f 1 )(1 + r f 2 ) + y −2 (1 + g 1 )(1 + r f 2 ) + + y −3 (1 + g 1 )(1 + g 2 ).
Repeating this process recursively for each t, we determine the expression for the final deficit
We also have the boundary conditions g 0 = 0 and r f T = 0, so that target rate of return is zero before the first time period and the risk free rate is zero at the end of the horizon. To simplify the notation of the model we define 
